Cytoskeletal filaments often interact laterally through cross-linking proteins, contributing to passive cellular viscoelasticity and, perhaps surprisingly, active force generation. We present a theory, based on the formation and rupture of cross-linker bonds, that relates molecular properties of those interactions to the macroscale mechanics of filament bundles. Computing the force-velocity relation for such a bundle, we demonstrate significant contractile forces in the absence of molecular motors. This theory provides insight into cytokinesis, cytoskeletal mechanics, and stress-fiber contraction. DOI: 10.1103/PhysRevE.82.050901 PACS number͑s͒: 87.16.Ln, 62.20.fk, 62.20.Qp, 87.15.km Both eukaryotic and prokaryotic cells utilize cytoskeletal filaments to generate forces during cell movement and cell division. Contractile forces in eukaryotic cells are often attributed to myosin motors working on actin filaments. However, a number of experiments now indicate possible contractile force generation without molecular motors ͓1-3͔. In this Rapid Communication, we develop a theory for filaments in the presence of transient lateral cross-linkers to show that cross-linking and bundling between filaments can generate contractile forces in the absence of active force generating molecules. Interestingly, we predict that the force-velocity relationship for a filament bundle decorated with crosslinking proteins is similar to that of an actomyosin bundle. The results of our theory have implications for cytokinesis in eukaryotic and prokaryotic cells, cytoskeletal mechanics, and stress fiber dynamics.
Both eukaryotic and prokaryotic cells utilize cytoskeletal filaments to generate forces during cell movement and cell division. Contractile forces in eukaryotic cells are often attributed to myosin motors working on actin filaments. However, a number of experiments now indicate possible contractile force generation without molecular motors ͓1-3͔. In this Rapid Communication, we develop a theory for filaments in the presence of transient lateral cross-linkers to show that cross-linking and bundling between filaments can generate contractile forces in the absence of active force generating molecules. Interestingly, we predict that the force-velocity relationship for a filament bundle decorated with crosslinking proteins is similar to that of an actomyosin bundle. The results of our theory have implications for cytokinesis in eukaryotic and prokaryotic cells, cytoskeletal mechanics, and stress fiber dynamics.
The theory can be formulated by considering two or more filaments or surfaces that slide relative to one another while cross-linking proteins form transient chemical bonds between them. In biology, models based on sliding filaments or sheets have applications to processes as diverse as muscle contraction ͑e.g., Refs. ͓4,5͔͒, motor proteins ͓6,7͔, cell adhesion dynamics ͓8͔, and surface stiffness dependent cytoskeletal remodeling ͑e.g., ͓9͔͒. Recently, these biologically derived models have been applied to mechanical processes such as friction ͓10͔. These models consider an ensemble of cross-linkers between two filaments or surfaces that are sliding with respect to each other with velocity v ͑Fig. 1͒. The probability density of the cross-linking protein being bound with molecular strain x at time t ͓n͑x , t͔͒ is the solution of the following equation:
where k d ͑x͒ is the detachment rate as a function of strain, p a ͑x͒ is the attachment rate probability density and the total proportion of attached cross-linkers N͑t͒ = ͐ −ϱ ϱ n͑x , t͒dx. The probability density n may be related to the total force of the cross-linkers on each filament, the experimentally relevant quantity, through the relation: F͑t͒ = N CL ͐ −ϱ ϱ h͑x͒n͑x , t͒dx, where h͑x͒ is the force-extension relation for a single crosslinker ͓assumed to be h͑x͒ = x, where is the cross-linker stiffness͔ and N CL is the total number of cross-linking proteins associated with a filament.
The attachment and detachment rate functions ͓p a ͑x͒ and k d ͑x͒, respectively͔ can be derived with a minimum number of free parameters ͑e.g., ͓11-14͔͒. These functions can, in some cases, be simplified to provide analytic solutions to Eq. ͑1͒ with parameters that can ͑at least in principle͒ be experimentally measured ͑e.g., ͓10͔͒. Therefore, Eq. ͑1͒ provides a connection between properties of cross-linkers and forces on filaments, a useful tool for understanding biological and physical processes.
Closer examination reveals that Eq. ͑1͒ is incomplete. In particular, we see that chemical-free energy can be gained from increasing the number of cross-links during sliding, thus generating contractile forces even when v = 0. This motor-independent contraction, where the free-energy drop that occurs upon cross-link formation drives filaments to maximally overlap, may be general in biology ͓15͔. In contrast, forces computed from Eq. ͑1͒ can be shown to be zero when v = 0. The error can be traced to the assumption that the position of a cross-linking molecule on the filament has no effect on its binding probability. But when filaments are finite and do not overlap completely, cross-linkers near the filament edges generate a nonzero force between the filaments, favoring increased overlap. We present a more general theory that incorporates overlap free-energy effects and allows finite sliding velocity ͑i.e., does not assume equilibrium͒.
Let us consider one of these molecules situated at an arbitrary point on, say, the bottom filament, where is measured from the end of the top filament ͑see Fig. 1͒ . If we define r to be the vector between the rest position of that FIG. 1 . Biological friction between parallel filaments of length L f moving with relative velocity v. Cross-linking proteins between the filaments form transient attachments. Cross-linking bonds may be under strain, e.g., the cross-linker at position is under strain x. The distance between filament centers is y.
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RAPID COMMUNICATIONS molecule to an arbitrary binding site that we assume are densely packed on the other filament, then x is the projection of r along the bottom filament. The attachment probability as a function of x and is
where p a 0 is the attachment probability density when
, is the stiffness of the cross-linker, w is the width of the potential well at a binding site ͑related to the stiffness of the bond͒, and c is the vertical separation between filaments ͑see ͓10͔͒. The function S͑x , ͒ determines the range over which p a is nonzero and is made of two Heaviside functions S͑x ,
where k d 0 is the corresponding detachment rate at zero strain. We may write the probability density at x and at t + dt relative to various known properties:
where N͑ , t͒ϵ͐ −ϱ ϱ n͑x , , t͒dx. The first term on the righthand side represents the attached cross-linkers that arrive at ͑x , ͒ at time t + dt, minus the cross-linkers that detach. The second term represents the cross-linkers that attach at ͑x , ͒ between t and t + dt. Successive Taylor expansions allow us to derive the governing equation,
the general version of Eq. ͑1͒ including edge effects. We write the general steady-state solution to this equation, n, as a power series n = n 0 − n 1 v + n 2 v 2 +¯. The force can be expanded in a similar manner:
where c = N CL / L f is the density of cross-linkers along the filament and y is the distance between the centers of mass of the two filaments ͑see Fig. 1͒ . Solving for the first two terms in the velocity expansion, we can approximate the general solution at slow sliding speeds, i.e., when the nondimensional speed
The first term in the series expansion for the general solution of Eq. ͑5͒, n 0 , is the isometric ͑v =0͒ steady-state solution. An exact result for n 0 is
where
proximates the equilibrium constant of the cross-linker bonds ͑the correspondence is exact when b / a 2 ӷ 1 ͓9͔͒. From n 0 , the isometric steady-state force is
where c 0 = k B T c ln͑1+K͒, a constant with units of force. Note that, in the limit that L f , the filament length, is much larger than 1 / ͱ b, the expected excursion of the cross-linkers, this equation reduces to
This simple expression agrees well with the exact solution ͓see Fig. 2͑a͔͒ , particularly at longer filament lengths. Equation ͑9͒ is equivalent to free energy gained per bond divided by the average distance between bonds and can be thought of as the result when the cross-linkers are infinitely stiff. The exact result in Eq. ͑8͒ is more general and includes bond stiffness effects and entropy of forming cross-linking bonds. The second term in the series expansion of the steadystate solution to Eq. ͑5͒, n 1 , must ͑in general͒ be numerically computed from the expression
where N 1 = ͐ −ϱ ϱ n 1 dx. Note that if we neglect edge effects, there is a simple expression for f 1 ͑see ͓6,7,9͔ for derivations͒:
a good approximation of the exact solution ͓see Fig. 2͑b͔͒ . For larger velocities, where V ϳ O͑1͒, higher order terms
FIG. 2. Static and frictional forces between two sliding filaments interacting with cross-linking proteins. ͑a͒ The static force developed between two filaments, f 0 , at vanishing sliding velocity ͑v =0͒ is related to the equilibrium constant of forming the cross-linking bonds. The stiffness of the cross-linking proteins also plays a small role ͑inset, assuming stiff bonds ͓Eq. ͑9͔͒͒, black, general solution ͓Eq. ͑8͒, gray͔. ͑b͒ At small sliding velocity there is a frictional force ϳf 1 v. Our analytic estimate in Eq. ͑11͒ ͑solid line͒ is compared with the full result ͑symbols͒.
for n and F cannot be neglected. The full solution shows a range of interesting behavior, including stick-slip motion and hysteresis at constant force. For the present Rapid Communication, we focus on a slow moving ͑V Ӷ 1͒ bundle of crosslinked filaments. Here, the contribution of the Brownian motion of each individual filament becomes negligible. Consequently, we can derive a simple governing equation for the overall properties of this filament bundle. For example, we can derive the force velocity relationship of the bundle. Figure 3͑b͒ shows the bundle in consideration.
Using the simplified form of the static force f 0 ͓Eq. ͑9͔͒, the force on filaments at position s from all other filaments is ͑neglecting filaments at the edge of the bundle͒
P͑s͒ is the probability density of filaments at position s. The force on filaments at s from the relative sliding of all other filaments ͑i.e., −f 1 v͒ is, using Eq. ͑11͒,
where ⌬v͑s , ͒ = u͑s͒ − u͑s + ͒, with u͑s͒ being the sliding velocity at point s, and c 1 = c K / k d 0 ͑1+K͒ a constant with units of force-time per squared distance.
Neglecting Brownian motion, and assuming small u͑s͒ ͓i.e., max͑u͒ ͱ b / k d 0 Ӷ 1͔, we can obtain an equation of motion for a filament in the bundle at position s,
where ␥ is the viscous drag on the filament as it moves through solution. F 0 and F 1 can be computed by expanding P͑s + ͒ and u͑s + ͒ about s, obtaining
Combined with the continuity equation
we have a set of coupled partial differential equations for the filament density as a function of time.
The boundary conditions of Eq. ͑15͒ depend on the edge effects which we have neglected in its derivation. In particular, at a distance s from the edge of the filament bundle, where s Յ L f , we have
where a 1 ͑s͒ = L f 3 −3L f s 2 +2s 3 and a 2 ͑s͒ = L f 4 +4L f s 3 −3s 4 . Note that, when s = L f , we recover the previous differential equation that neglects edge effects ͓Eq. ͑15͔͒.
In the biologically relevant case, where ␥u is negligible compared to the other forces and the distribution of filaments in the bundle P͑s͒ is initially uniform, Eq. ͑15͒ is satisfied when u͑s͒ = s + , where and are some yet-to-bedetermined constants. Note that has no effect on the model ͑since viscous drag is negligible͒, so we may choose =0. Then, from Eq. ͑16͒, we see that an isolated initially uniform filament bundle contracts uniformly; although it may contract nonuniformly at the edges. We can use Eq. ͑17͒ to construct a force-velocity relation for such a bundle, where we calculate contraction rate when force is applied to the ends of the bundle.
The predictions of Eq. ͑17͒ agree with stochastic Langevin simulations of filament bundles ͑see Fig. 3͒ performed under realistic conditions ͑a 5 m bundle of 60 filaments that measure 1 m, where shortening is measured for 5 min with constant forces on the outermost filaments͒. Note that, in these simulations and calculations, we apply force to a single filament. In some biologically relevant cases, such as in actin bundles attached to focal adhesions, force is applied to several filaments that are affixed to the adhesion, in which case we multiply the measured force by the number of filaments. Thus, for example, a focal adhesion with ten fixed actin filaments could generate over 80 pN. In these numerical simulations, we found that small fluctuations in density slowly increased with time. A stability analysis of Eqs. ͑15͒ and ͑16͒ confirm that these bundles are slowly unstable ͓17͔. It is possible that the addition of motors would stabilize the filaments.
These results may be applied to the understanding of cellular mechanics. In particular, the mechanical properties of the cytoskeleton are strongly dependent on the concentration of cross-linking proteins ͓16,18͔ and their mechanical and chemical properties ͓19͔. At low cross-linker concentrations, a solution of actin filaments is randomly oriented; while at high concentration, actin bundles appear and dominate the mechanics of the network ͓16͔. Here, we predict the behavior for the cross-linked actin filaments and estimate their force generation and viscous response. In particular, our work extends previous theoretical work that assumes cross-linkers are permanent ͑e.g., ͓20,21͔͒ and can be added to more complex models that incorporate motor proteins and actin treadmilling ͑e.g., ͓22-24͔͒.
In vivo, large bundles of actin ͑stress fibers͒ containing a variety of cross-linking proteins ͑e.g., ␣-actinin, fascin, and talin͒ as well as nonmuscle myosin II ͓25͔, stretch between localized adhesions between the cell and the extracellular matrix ͑ECM͒. Stress fibers are thought to be involved in cell mechanosensation and motility ͓25͔. There is evidence that myosin's force generation properties are responsible for stress fiber tension generation and mechanosensation ͓26,27͔. However, some myosin-dependent aspects of mechanosensation, such as the maturation of nascent cell-ECM adhesions into focal adhesions, occur normally when myosin function is inhibited as long as cross-linking protein concentrations are increased ͓28͔. Consistent with this observation, our theory predicts that stress fibers generate force in the absence of myosin or with myosin serving only as a cross-linker, so increased concentrations of cross-linking proteins would counteract the loss of force caused by a myosin deficit. This mechanism, which does not require chemical energy, may add to additional active mechanisms, such as force generation by end-tracking cross-linkers in the presence of ATP-dependent actin treadmilling ͓24͔.
Actin bundles in adhered cells and the cytokinetic ring are common cellular force generating organelles. Molecular motors such as myosin are associated with these bundles, leading to the suggestion that motor force generation is responsible for bundle force generation. Here we develop an analytic theory that connects the properties of the laterally cross-linking proteins to the force generated by the bundle. These results show that the motor activity of the crosslinking protein is not needed to generate forces. Interestingly, the friction between filaments as they slide relative to each other ͓an effect that is not considered in previous models ͑e.g., ͓29͔͔͒ results in a force-velocity relation that is quite similar to that of myosin motor assemblies ͑e.g., ͓30͔͒. Thus, cells have a variety of mechanisms at their disposal to generate forces.
